Abstract. We prove local approximation and extension theorems for C submanifolds M of C" (CR submanifolds). Under some conditions on M, any smooth solution of the induced Cauchy-Riemann equations can be extended holomorphically to bigger (and sometimes open) sets.
Introduction.
A characteristic feature of the theory of functions of several complex variables is the holomorphic extendibility of functions from a set to a bigger set. This phenomenon is intimately related to the vanishing of certain spaces of cohomology with compact support. The first example of this is the well-known theorem of Hartogs: any function defined and holomorphic on a neighborhood of the boundary of a ball in Cn (n> 1) can be extended holomorphically to the interior of the ball. A stronger form of this result was given by Bochner (see [7, Theorem 2 
.3.2']): if F is a bounded open set in Cn («>1) such that Cn -D is
connected and D has a C4 boundary bd D, then any C4 function on bd D satisfying the partial differential equations on bd D indexed by the Cauchy-Riemann equations in C can be extended holomorphically to D. In [9] , H. Lewy proved a local version of this theorem (see also [7, Theorem 2.6.13]): if the Levi form of a smooth real hypersurface does not vanish at a point z0, then smooth solutions of the induced Cauchy-Riemann equations on a sufficiently small neighborhood of z0 can be holomorphically extended to at least one side of the hypersurface. Thus we see that the extendibility property for a hypersurface does not depend on its bounding an open domain, but is already present on any small portion of it. Later in [10] H. Lewy gave an example of a piece of a 4-real dimensional submanifold M in C3 with the property that any smooth solution of the induced Cauchy-Riemann equations on it can be extended to a holomorphic function on an open set of C3 whose boundary contains M.
From then on, much work has been done on the local extendibility properties of real submanifolds M of C with real dimension less than 2n -1, but always in the setup of Hartogs' result, that is, one looks at functions which are holomorphic on some open neighborhood of M in Cn, and tries to extend them to a fixed open set of Cn. In other words, one extends germs of holomorphic functions on M. The pioneer work in this direction was done by Bishop [3] . Further results are found in RICARDO NIRENBERG [June [4] , [5] , [16] , [17] and [18] . A brief account of this area of research can be found in [19] .
In this paper we adopt the point of view of Bochner's and Lewy's results, trying to extend smooth solutions of the induced Cauchy-Riemann equations on a piece of real smooth submanifold of C". The procedure is to prove first an approximation theorem : such solutions can be uniformly approximated on M (locally) by germs of holomorphic functions on M, and then use the results already known for the extension of germs. Thus the theory of extension from Lewy's point of view is reduced to the theory for germs.
We consider M to be a CR submanifold (see §2) and the approximation theorem is proved under certain convexity conditions on M. Briefly, we will assume that either there is a real hypersurface passing through M which is strongly pseudoconvex at z0 e M, or that there is a real hypersurface through M whose Levi form restricted to H0(M) (the space of complex tangent vectors to M at z0) has at least one positive and at least one negative eigenvalue. In the simplest nontrivial case of M4 in C3, this means that there is a real hypersurface through M4 whose Levi form restricted to H0 is not zero. Under these conditions we can extend to the same sets as in the extension of germs. (For hypersurfaces, no convexity conditions are needed in the approximation theorem (see [13] ).)
In §2 we present an account of the basic properties of CR submanifolds of Cn and we give some examples. In §3 we put together the results on d-cohomology with compact support that are needed, and we prove that if a real hypersurface in Cn satisfies certain convexity conditions, the equation 8f=g can be solved locally in L2 with 0 boundary values on a piece of the hypersurface. When g is a (0, 1) form this is due to Lewy [9] ; see also Hörmander [7, Theorem 2.6.13]. The idea of the proof for forms of other types is due to A. Andreotti. The main results of the paper are proved in §4. For an account of the notions of holomorphic convexity of sets and of some of the problems in this connection, we refer the reader to [14] , [15] and [19] .
A weaker result for the case CR codim M =2 was published without the complete proofs in [12] .
2. CR submanifolds of C\ 2.1. Definitions. Let M be a real C° submanifold of C\ of real dimension 2n -k. Let T(M) be the tangent bundle to M, TX(M) its fiber at x e M, and consider the complexified bundle
TC(M) is a subbundle of T°(Cn). On the latter we consider the operator J given by the complex structure on Cn. Set 
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We write 2m(x) = dimc HX(M). If m(x) is a constant on connected components of M, we say that M is a CR submanifold ofCn, and for a connected CR submanifold M we write w = CR dim M. For a CR submanifold M, HX(M) are the fibers of a vector bundle H(M) on M, whose sections are called complex vector fields on M.
We will consider only connected CR submanifolds of C", and will assume in general that m>0. (If m = 0, M is said to be totally real.) Let
Then /' is the fiber dimension of TC(M)/H(M). We will assume that T>0, for otherwise M is a complex submanifold of C\ It is always true that /'^k. If k^n and l' = k, we say that M is a generic CR submanifold of Cn. In the case k>n, we say that M is generic if I' = 2n -k, that is, if w = 0. In any case, a complex submanifold is generic if and only if it is a point or Cn itself.
A vector field £ on M is said to be of type (1,0) if J(Q = (-l)1/2£, and of type (0, 1) if J(0= -(-1)1,2£. Given a point xeM it is easy to see that there is a neighborhood U of x in M and a basis for sections of H(M) on £/ of the form Such a system of functions is called a defining system for Af (locally it always exists). If {px,..., pk} is a defining system for M near ieM, the most general defining system for M near x is obtained by taking k where/y are defined and C" on some neighborhood of x in Cn, and det(_/¡y)?¿0 on M.
Let {px,..., pk} be any defining system for M near xeM. Then for a vector £ e C2n we have 16 T%(M) o dp[xXi) = 0, i=l,...,k. 
The proof is straightforward and is left to the reader. 2.3. The induced 8-operator. Let M be a CR submanifold of C* and let Ea-0) = E be the bundle whose sections are the complex vector fields of type (1,0), and similarly for E(0'1) = E. Let E* he the bundle dual to E, and E* the dual of E.
We consider the bundles of differential forms on M: D{P-'Ù = E*P r\E*q, where Ep stands for the pth exterior power of E. Then D(p-q) is a subbundle of the bundle of p + q forms on M. We also write D(p-q) for the space of sections of this bundle. Consider the operator 8M: D(p-q) -> D{p-q + 1) defined by taking dtp for yefl« and then projecting it on £)ip,q + 1\ Then we have 82m = 0.
We can therefore define the cohomology spaces
Another way of viewing this locally is the following : take a defining system for M, {px,..., Pk}, and let / be as in (2. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
In particular, a complex-valued C oe function fon M for which 8M(f) = 0 will be called a CR function on M. It is obvious that iffe C°(M) can be continued holomorphically and C °° to an open set V of some complex variety such that M lies in the boundary of V, then fis a CR function on M.
We will need the following algebraic result: Proposition 2.3.1. If <pe Ar(p,'), ifr>0isa natural number, and dtp vanishes on M to order r-\, there is an element ipeA(p-q~v with >p\M=0 such that <p + 8<l> vanishes on M to order r.
For the proof we refer to [13] , where the case cp = 8f, fe Al0,m is considered. However, the argument for the general case goes just along the same lines. Remark 2.3.2. By using the following result: let K be closed in Rn, and let feCm(Rn) be such that Dkf(x) = 0 for xeK, \k\^m; then there is a sequence {f}cCco (Rn) such that/v=0 on some neighborhood Vv of K for each v, and/v converges to /in Cm(Rn) with the topology of uniform convergence of the derivatives up to order m on compact subsets (see [11] ), one can prove easily that we can replace in the above proposition the orders r and r-1 by order co. (This is the "soft" part of Whitney's extension theorem.) Corollary 2.3.3. Let feC(M) be such that 8Mf=0. Then we can find a C ™ extension f off to C such that 8f vanishes on M to a given order r (or even to order co by the above remark). (ii) <I>(t) = <P|{i}x V is an isomorphism of the CR structures of the CR submanifolds Fand V(t) for every teW. (We assume that V(t) is a CR submanifold for t e W.)
The notion of CR isomorphism is the natural one.
Observe that CR regularity is invariant under holomorphic changes of coordinates. Also for any CR submanifold M and every point xe M there are CR regular defining systems for M on any neighborhood of x in M which is small enough. For there is a neighborhood U of x in Cn such that if {xx,..., x2n} are the real coordinates in Cn, we can write (2.4.2) MC\U = {xeU; xi-gl(xk+1,. ..,x2n) = 0; i = \,...,k},
where g¡ e C^t/). Since translations are holomorphic diffeomorphisms, and a fortiori CR isomorphisms, the system pi = xi-gi is indeed CR regular on U n M.
The reason for considering CR regular systems is that with respect to them a CR function/satisfies the following strong condition:
Lemma 2.4.2. Let {px,..., pk} be a CR regular defining system for M on V<=M, and let I be as in (2.1.2). Then there is an open set U in Cn with U c\ M=V such that every CR function f on V can be extended to a C °° function f on U satisfying 8/a w = 0 on U, where w is given by (2.3.2).
Proof. We can take Win Definition 2.4.1 so that on <f>(Wx V) we still have w^O. Then we define/on U=<í>(Wx V) as follows:
Then /is a CR function on each V(t), t e W, and therefore S/a w = 0 identically on U. Q.E.D. We will also need the following Lemma 2.4.4. If M is a CR submanifold of CR dimension m in Cn, and there is a real C °° hypersurface {p = 0} containing M such that the Levi form of p restricted to HX(M) has s positive eigenvalues at x e M, then there is a defining system {pi, • • •, Pk) f°r M which is CR regular on some neighborhood of x and such that the Levi form of every p¡ has n -m + s = l+s positive eigenvalues on some neighborhood ofx in Cn.
Proof. After a holomorphic change of coordinates, we can assume that x is the origin, xi, yu ..., xm, ym, xm+ x,..., xm+ ¡ are tangential to M at 0 and ym+ x,..., ym+i, Xm+i+i, ym+i+i,-■ -,xn,yn are normal to M at 0, where zi = xi + (-l)ll2y¡. where q>¡ and </r¡ vanish at 0 to order two and are C° on some neighborhood of 0.
The hypersurface of the statement can be written as, say, 2.5. Examples. As stated in §2.1, we are interested in CR submanifolds M of C" for which /'>0 (M is not a complex submanifold), and 0<m<n -1 (M is not totally real and it is not a real hypersurface : the approximation theorem of §4 in those two cases was proved in [13] ). The simplest case is when M is Levi flat, that is, when e(M) (see §2.1) is 0. This means that M is an /'-real parameter family of analytic submanifolds of complex dimension m, at least locally, by Frobenius' theorem, and again, the approximation theorem for these is proved in [13] . In this case it is easy to see that M is not extendible. Any real linear subspace of Cn is Levi flat. The next two are examples of a generic four real dimensional CR submanifold of C3 for which e(M)>0. We fix ß and O so that (3.1.4) holds, and so that in addition, the gradient of p does not vanish on Í2.
It is important to observe that the Levi form of p has everywhere r eigenvalues equal to 0, and that for s and -n small enough there is a Stein open set U with (3.1.6) {z e U; P(z) < e} = W(e, v, p).
This is a consequence of the fact that for e, r¡ small enough, the boundary of W(e, rj, p) consists of the two pieces p = s and p~= -r¡, as one sees from (3.1.4).
[June Definition 3.1.1. Given two open subsets D<=E of a complex manifold, we say that (D, E) is an r-Runge pair if for every compact subset K of D we can find a real valued function <£ e C°°(E) such that (i) for a < sup£ <j>, {z 6 E; <j>(z) < a} is relatively compact in E; (ii) the Levi form of (p has at least r positive eigenvalues at every point of E; (iii) K={zeE;<p(z)-¿supK<p}^D. Now consider the sets (3.1.7)
T(e, 8x, 82) = {ze£l; P(z) < e, -S2 < p(z) < -8J, for e, 8X, 82>0 small enough, and Sx < S2. We have T{e, ox, S2) = W(e, 82, p)-W(e, 8x, p).
Lemma 3.1.2. For e, -r¡>0 small enough, there is a sequence {E¡} of domains with a C °° boundary and £je Ej+x, {J¡ E¡ = W(s, -n, P) and such that ifO<exSe, 8x<82
ár/, the pair (T(sx, 8lt 82) r\ Et, Et) is r-Runge for every i.
Proof. Let K<^<^T(ex, 8x, 82). There are positive numbers e'<£i, Si > Sl5 8'2<82
with S'j<S2 such that K^^T(e', 8'x, 8'2). Let t(z) = ^1 lz,|2 and let a>0 be small enough so that on K we have
Write <px(z) = -logKe-pizMe-e')-1], (3.1.9) ¿2(z) = p(z) + ^(z) + Si,
Then <px, 4>2 and ^3 belong to Cx(W(e, r¡, P)) and are such that their Levi form has everywhere in W(e, -n, P) r positive eigenvalues (corresponding to the variables zx, ...,zr). Therefore the function <¿0 = max (<¡>x, <j>2, <j>3) has, everywhere on W(e, r¡), r positive eigenvalues in the distribution sense. We also have that <t>0(z) tends to +00 when z tends to a point in the boundary of W(e, rj), which as we have taken e and r¡ small enough, consists by virtue of (3.1.4) of the two pieces {P = e} and {p= -r¡}. On the other hand, by (3.1.8) and (3.1.9), (3.1.10) K <= {</,0 < 0} and <f>0 > 0 on boundary of T{ex, °u S2).
Hence <p0 satisfies all the requirements in Definition 3.1.1 for the pair (T(ex, 8x, 82), W(e, t], P)), except that it does not belong to C*(W(e, -n, P)). To complete the proof, we take a slightly smaller set Wq^^ W(e, t¡, p), and set 0 < a0 = inf {d(z, 8W(e, r¡, p)), z e W0}.
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Then take a function x of t(z)1,2= |z| such that x 6 Cx(Cn), x^O and x(|z|) = 0 for \z\ ä 1, normalized so that Jx dV= 1. For 0<a<a0 we take (3.1.11) Uz) = J ¿o(z-<Ox(z') dV(z').
Then <£a e Cm(W0), and its Levi form has everywhere r positive eigenvalues on W0. Furthermore <pa \ <j>a as a \ 0. The domains E( are then chosen so that Ei = {<pa<Mi}, and by Morse theory we can choose them so that their boundary is smooth. By letting W0 approach W(e, r¡, P) and M¡ -*■ co, we construct the family {E¡} with the desired properties. Q.E.D. 
. // (D, E) is an r-Runge pair, the natural mapping H£-q(D) -> H?-"(E) is injective for qfkr. Therefore iffeL2Q(D)
(the space of (p,q) forms on D with L2 coefficients), and f has compact support in D, and f=8g for g e L2a-x(E) with g compactly supported in E, we can find h e L2 a_x(D) compactly supported in D so that f=8h, if qfir. Furthermore h can be chosen such that \\h\\ C ¡/[j, where || || stands for the L2 norm and the constant C does not depend onf
For the proof of this result we refer to Andreotti and Vesentini [2, Lemma 29, p. 122], where the above L2 estimate does not appear in the statement but is obvious from the proof. One can also obtain it from Hörmander [6] and the use of Serre duality. See also Andreotti and Grauert [1] .
As a consequence of Lemma 3.1.2, we get Corollary 3.1.4. The conclusions of Theorem 3.1.3 hold for D = T(ex, 8x, 82) and E= W(e, -n, p) for E,r¡>0 small enough and £X ^ £, 8X < S2 S r¡.
We will also need the following result, whose proof is carried out along the same lines as that of Theorem 3. We can now prove the main result of this number. Let 0 ^ £ < £0, and let U be an open neighborhood of z0 with U n {z e £2 ; P(z) < e} = W(e,t¡, p). Also let V be an open set with U^V, and call d(U, V) = distance between U and C-V. Then given a form feL2¡v(V) with 0<q<r such that 8f=0 on V and f=0 on V C\{z eQ.; p(z)>e}, we can find a form g e L2tQ_x(U) such that 8g=f on U and g=0 on U n {z e Í2; P(z)>e}. Furthermore, g can be chosen so that \\g\\SC\\f\\, where C only depends on d(U, V),andC=0(d(U, K)"1).
Proof. Let if >r¡">r¡'>r¡ he such that W(e,-qm)<^V, and such that Corollary 3.1.4 holds for 0^£<£0 and for -n"'. Let x(t) e Cm(R) be such that 0^xâ L x(0= 1 for t^-rj' and X(t) = 0 for f¿± -y. Then if £<e'<e0, the form x(P)fiv/i\\ have compact support in W(e, r¡", P) (if we have chosen e0 and 17 small enough to begin with) by (3.1.4). Observe now that 8(X(P)f) = 8x(P) Af is a (p,q+l) form with compact support in T(e', r¡, r¡m). As q+1 ^r, we can therefore find a (p, q) form w compactly supported in T(e', -q, -n'") such that 8o> = 8(X(P) •/), with (3.1.12) H| ï CxWfW,
where Cx depends only on the first derivative of x-Then the (p, q) form x(p) •/-o> = his d-closed on V and its support is compact in W(e, rf', P). Also, it coincides with/on W(e , r¡, P). By Theorem 3.1.5 we can find a (p, q-\) form ge. such that 8gE. = h on W(e', r/", P) and supp^.cc w(e, r/", P). Furthermore by (3.1.12), \ge-\ úC\f\, where C depends only on Cx. (It can be seen in [2] that it does not depend on e , e<e <e0.) This last inequality implies that by weak compactness of the unit ball in L2, there is a weakly convergent sequence g£-with e \ e. If we call g its weak limit, we easily verify that 8g=f on U, that g = 0 if p>e, and that ||*|| áC U/H. Q.E.D. The following result will not be needed in the sequel, but might have some interest. Corollary 3.1.7. The conclusions of Theorem 3.1.6 hold for P as in (3.1.13), with a set W(e, -n, P) which contains C]f=1 W(e, -n, Pi).
Proof. We consider the case m = 2, the general case being different only in that it requires a bigger burden of notation. Write P = max(p1; p2) = Upx + p2+\pi-P2\}, and consider the Taylor expansion of the function (£2 + /2)1/2 about t = \. Call Ps,n(t) the first n terms, and set <f>e,n = ÍÍP1 + P2+Pe.ÁPl-P2ï)-With 4>n = <Pun,2n+i it is not hard to see that there is a neighborhood ß0 of z0 in Cn such that <j>n e Coe(£l0) for each n, ¡pn\ P as n -> co on Í20, and the Levi form of </>" has at least r positive eigenvalues on £20, for every n, which are bounded from below by a positive constant C independent of«. Furthermore, recalling (3.1.2), we have, for every n, <f>n = ï(pi + P2Y» which proves that if e'>£and n is big enough, then for any tj > 0, W(e, r¡, (/>")=> W(e, r¡, Pl) n W(e, -n, p2). The situation being as in the statement of Theorem 3.1.6, the proof of the corollary is completed by taking e' >e, and applying Theorem 3.1.6 to 4>n = E' f°r n b'g enough, then letting e -> £ and taking a weak limit of L2 solutions. Observe that we can take (3.1.14) W(e,v,p) = {zen0;P(z) < «.Kft+./*)" > ~v)-Q-E.D.
Although we will not need it, it is worth noting that if/in Theorem 3.1.6 belongs to C"(U), then there is a solution g in C°°(i/). This can be proved by using the regularity results of J. J. Kohn and L. Nirenberg [Noncoercive boundary value problems, Comm. Pure Appl. Math. 18 (1965)] and it can be used to prove the H. Lewy extension phenomenon on real hypersurfaces for cohomology classes of type (p, q) with q<n-l. 4 . Function algebras on CR submanifolds. 4.1. Uniform approximation with holomorphic functions. Let A!' be a compact subset of a complex manifold X, and let 0 he the sheaf of germs of holomorphic functions on X. Let C(K) stand for the uniform algebra of complex valued continuous functions on K, and F(K, 0) for the algebra of sections of 6 over K. Then there is a natural restriction mapping F(K, <S) J-^. C(K), and we call A(K) = closure of r(F(K, 0)) in C(K). Similarly, if M is a CR submanifold of C" and a: is a compact subset of M, GM denotes the sheaf of germs of CR functions on M (solutions of Uf) = 0) and AM(K) is the closure of r(F(K, 0M)) in C(K).
The following result is proved in [13] : Let Abe a compact subset of M, where M is a totally real submanifold of a complex manifold X (i.e. CR dim M=0). Then
A(K) = C(K).
When M is not totally real, the best we can expect is of course A(K) = AM(K). Our aim is to establish this result locally. This was done in [13] in two cases: M a real smooth hypersurface (codimB M= 1), and M Levi flat (any dimension).
Let M be a CR submanifold of C, z0 6 M, and suppose that at least one of the following conditions is satisfied.
(I) There is a smooth real hypersurface containing M whose Levi form restricted to HZq(M) has at least one positive and at least one negative eigenvalue.
(II) There is a smooth real hypersurface containing M whose Levi form restricted to HZo(M) has all its eigenvalues of the same sign #0. At this point we make the observation that we can assume l<n, for if l=n, M is totally real and the theorem is proved in [13] .
We now introduce the following sets : for a real number s and a multi-index J define By (4.1.2)(iii), for any je J the corresponding two sets in the union in (4.1.7) are disjoint. By shrinking U if necessary, we can assume that U is a Stein open set, and that using (3.1.6) and Theorem 3.1.6, if? is small enough, then for any jeJ¡_x we can find a form w(t, Jt-x,j) of type (0, /-1) in L2(U) such that
(1) Mt,Ji-uJ) = î{t,Ji-i) on U, This can be done if 1 <l<n by virtue of (4.1.2)(ii).
Pick now a multi-index 7¡_2 with ||/,_2|| =/-2. We write jJ¡-2 for the multiindex obtained by adjoining j at the beginning of /¡_2.
For / e/_2 we define the (0, /-1) forms in L2(t/) (4.1.10) è(t,jl_2,i)= n fe.AC'Aâ/-2 ™('JJi-2,i). That this can be done is a consequence of the fact that U is Stein, and of the results in Hörmander ([6] or [7] ).-The function /-vt is therefore holomorphic on the set a(t) = (\{zeU; Pj(z) fc -/) rv.fi {re V; P\(z) ú t}, i=i i=i and the difference ¡f-(f-vt)\ = \vt\ can be made uniformly small on compact subsets of M n U if we take t to be small, by (4.1.13) and Sobolev's Lemma. The details of the argument are identical to those in [13] . In case (II), the proof is similar, but somewhat easier. Instead of the two systems in (4. Then ¿¡(t,J¡_2, i) are 3-closed on U n {Pj(z)iít,j=l,..., l} = Qt. Finally one arrives at a (0, 1) form £( with the same properties as above, except that it is inclosed and defined on Q(, instead of U. But Í2, is Stein for every t > 0, because of the assumption on the Ps. Therefore one can solve (4.1.12) with (4.1.13) on Q.t, with a constant C independent of t, and the resulting function/-1;( is holomorphic on the set a(t) = f){zeU; Pi(z) è -t}n (\{zeU; Pi(z) S t}. Q.E.D. i=i i=i Remark 4.1.3. We have actually proved that for a fundamental system of neighborhoods {U} of z0, an element fe F(U n M, GM) can be uniformly approximated on C/nMby elements of F(U n M, 0), where M is defined by Pl = • ■ • = pi = 0, and is a generic CR submanifold of C" containing M (locally near z0). Here {p1;..., Pk} is a CR regular defining system for M, as in (4.1.2), and /is as in (4.1.2)(i). This is not surprising, it being obvious from Lemma 2.4.2 that feF(Ür\M, GM) can always be extended tofeF(UnM, &û). If M is a generic CR submanifold of Cn with dim« M^n, and U is an open subset of M, it is easy to see that a function which is holomorphic on some open neighborhood of U and is zero on U must vanish identically. Therefore, if K= U and K is extendible to a set K', we have in this case that F(K', <9) r-* r(A", 0) is one-to-one and onto.
Let K be a compact subset of a complex manifold X, and let S^TX") be the spectrum of the uniform algebra A(K). We say that K is holomorphically convex if K=S(K). (Of course we always have ^cj (^) by means of the evaluation map.) We say that a set M<^ X is locally holomorphically convex at z0 e M if there is a fundamental system of compact neighborhoods {A'} of z0 in M such that each K is holomorphically convex.
Greenfield [4] M is extendible to a set containing a CR submanifold N with dimÄ Ar=dim/f M+e (e defined as in §2). If e = 0, then M is locally holomorphically convex.
In [5] and [16] this theorem is proved for real-analytic submanifolds of Cn which are not necessarily generic, and it is also proved for C°° CR submanifolds with CRcodim=l.
In these cases, one also has that M is not locally extendible to a set of dimension greater than dim M + e.
If M is a CR submanifold of Cn, K^M and K' is a connected set with A"=>A, KjtK', we say that Ais CR extendible to K' if the restriction map A(K') -* F(K, <PM) is onto. We then have Theorem 4.2.2. Let M be a CR submanifold of Cn, z0 e M, and suppose M satisfies either one of conditions (I) or (II) of (4.1.1). Then there is a fundamental system of compact neighborhoods ofzQ in M, {K}, such that each K e {K} is CR extendible to a corresponding set K' which contains a CR submanifold of dimension dim M + e + k -l.
Proof. Let K-M n U, where U e {(/}, the fundamental system of open neighborhoods of z0 in Theorem 4.1.1. Then by Theorem 4.1.1 and Remark 4.1.3, given fe F(K, 6M), we can first extend/to fe F(K, ®ü), where K= U n M, and then find a sequence {f}<^F(K, 0) which converges uniformly to / on K. Because M is generic and dim/? M^n,we can apply Theorem 4.2.1 to find for each/ an extension g, e F(K', (5), where K'^K is a compact set containing a CR submanifold of dimension dim/; M + e + k -l. To see this, observe that dim« M = dimg M + k -l, and that the e for M is the same as the e for M, for Lemma 2.2.1 says that H(M) = H(M). Next, we prove that the sequence {#,} converges uniformly on A". This is due to the fact that the restriction mapping I\A", 0) -s-F(K, (9) being one-to-one and onto, we must have supK. ||/||=sup¿ ||/|| for every fe F(K', 0). and is not in the image of F(K', 0) by the restriction map.) Hence {g,} is Cauchy on A", and it is obvious that its limit g is equal to/on Â, and hence to/on K. Q.E.D.
Observe that CR extendibility being a stronger condition than extendibility, we have in particular proved that Theorem 4.2.1 holds without the conditions of genericity and dimÄ A/ä«, as long as M satisfies at least one of the conditions (4.1.1). Using the arguments in [5] , one can also prove that if M satisfies (I) or (II) of (4.1.1), then it is not locally extendible to a set containing a manifold of real dimension bigger than dimÄ M + e + k -l.
As an immediate consequence of Theorem 4.2.2, we get the Corollary 4.2.3. If M satisfies at least one of the conditions of (4.1.1) at z0 e M, then there will be a fundamental system of neighborhoods {A} of z0 in M such that each A is CR extendible to a set containing an open set U in C" (U depending on A), if and only if M is generic at z0, and e is as big as possible, i.e., e = l = dimÄM-2CRdim M.
